We perform a set of 38 fully-nonlinear numerical simulations of equal-mass black-hole binaries in a configuration where the two black-hole spins in the binary are equal in both magnitude and direction, to study precession effects. We vary the initial direction of the total spin S with respect to the orbital angular momentum L, covering the 2 dimensional space of orientation angles with 38 configurations consisting of 36 configurations distributed in the azimuthal angle φ and polar angle µ = cos θ, and two configurations on the poles. In all cases, we set the initial dimensionless blackhole spins to 0.8. We observe that during the late-inspiral stage, the total angular momentum of the system J remains within 5
I. INTRODUCTION AND MOTIVATIONS
The 2005 breakthroughs in Numerical Relativity [1] [2] [3] allowed for accurate investigations of the orbital dynamics of merging black-hole binaries (BHBs) in the highlynonlinear regime between the slow inspiral (which can be modeled by post-Newtonian dynamics [4] ) and the postmerger phase (which can be modeled by black-hole perturbation theory [5] ). The current state-of-the-art simulations cover a broad range of astrophysical parameters, including mass ratios as small as q = 1/100 [6, 7] , highly spinning black holes with near maximal dimensionless spins α ≤ 0.97 [8] , and initial separations as large as D = 100M [9] .
Some of the most remarkable findings were related to effects of black-hole spin in the last stages of the merger. These include the hangup effect [10] , which delays or expedites the merger depending on whether the spins are aligned or counter-aligned with the orbital angular momentum, and recoil velocities of several thousand km/s [11] [12] [13] when the spins lie in opposite directions in the orbital plane. A configuration [14] combining both effects leads to even larger recoils, up to 5000 km/s. Those effects were discovered by simulating highly symmetric configurations of equal-mass, nonprecessing BHBs. While it was possible to evolve generic configurations soon after the breakthrough [15, 16] , it has not been until recently that systematic studies of precessing binaries have been performed [17] [18] [19] [20] . In a recent paper, Ref. [21] , we began the analysis and modeling of a set of runs of BHBs with equal-mass and equal-spin BHs (i.e., in magnitude and direction). These configurations, while symmetric, tend to maximize precession effects. Here, we provide extensive analysis of these and newer runs to model the evolution of the orbital angular momentum L, the total spin of the system S, and the radiation of the energy and angular momentum of the binary system.
The following are several highlights from our studies presented here. First, we find (see also Ref. [21] ) that the angle between L and S varies by 2 • during the inspiral. This is a remarkable feature in a fully dynamical precessing binary that has immediate application to the modeling of the remnant since it connects parameters of the binary at large separation with those at merger, where most of the radiation takes place. While such a conservation of direction is indeed predicted [22, 23] by a lower-order post-Newtonian analysis, the degree to which this direction is conserved in the highly-dynamical (and highly-nonlinear) merger regime is remarkable. A second important observation for the modeling of our set of runs is the relatively small change in the direction of the total angular momentumĴ, despite the significant continuous decrease in the magnitude of J as the binary evolves. Remarkably, in our runs we do not observe variations larger than 5
• in the direction ofĴ. This observation is consistent with the conclusions of [24] , which where based on comparing initial and final directions of the angular momentum for a diverse set of fully nonlinear BHB simulations.
Our ultimate goal is to develop and test an empirical formula for the remnant mass and spin based on a Taylor expansion in terms of mass ratio and spins, as was done in [25, 26] , but with different effective variables. Modeling the final spin and mass of the merger remnant is important for the creation of gravitational wave templates [27] to assist gravitational wave detectors, for studies of astrophysical scenarios involving merger of galactic black holes, and for modeling cosmological scenarios involving light versus heavy black holes seeds forming the structure of the universe [28, 29] . Importantly, our new formula reproduces the measured remnant mass and spin to within 0.1%.
Here we will use the PN-inspired spin variables S = S 1 + S 2 and ∆ = (M 1 + M 2 )( S 2 /M 2 − S 1 /M 1 ), where S i and M i are the spin and mass of BH i (note that [25, 26] base their expansion on S i directly). We found when modeling the recoil velocity in [17] that S and ∆ are better suited as expansion variables than S 1 and S 2 because fewer terms are needed to get accurate fits. Our new formula represents a more comprehensive framework for modeling remnant quantities than our previous model [30] , which made use of analytic expressions for the ISCO combined with numerical results available at the time (See also [31] ). Other approaches to model remnants [32] also used lower-order spin expansions, and successive reasonable assumptions about the dynamics of spinning binaries [24, 33] .
In this paper, we use the convention that M i is the BH mass as measured from a full numerical simulation and m i is the BH mass according to post-Newtonian (PN) theory. However, because it does not lead to confusion, and because we use the symbol M to denote the unit of mass, we use m to denote both the PN total mass m = m 1 + m 2 and the full numerical total BH mass m = M 1 + M 2 . Note that in terms of dimensionless quantities
where q = M 1 /M 2 and α i = S i /M 2 i . In addition, we use M rem and α rem to denote the final remnant BH mass and dimensionless spin and
to denote the fraction of the initial mass radiated by the binary. Finally, we denote unit vector in the direction of an arbitrary vectorv with a hat (i.e.,v = v/v). This paper is arranged as follows. In Sec. II, we give an overview of the numerical techniques used to generate initial data, evolve the BHBs, and measure the individual and remnant masses and spins. We also describe the initial configurations of the new BHB simulations presented here. In Sec. III, we present the results from our BHB simulations described in Sec. II.
In Sec. IV, we develop the framework for modeling the final remnant mass and spin using PN-inspired variables and symmetry considerations. In Sec. V, we use a leastsquares fit of the remnant mass and spin of the new 38 precessing runs, 5 new non precessing runs, and those of Refs. [34] and [17] in the expansion formulas derived in Sec. IV. Our formulas are valid for the case of equal-mass binaries, and we provide an ansatz for extending them to the unequal-mass case.
In Sec. VI, to assess some astrophysical consequences of these new formulas, we find the distribution of spinmagnitudes after successive mergers (see also Ref. [35] ) of similar-mass BHBs assuming randomly-oriented or partially-aligned spins, which are meant to model the effects of dry mergers, as well as mergers where accretion partially aligns the spins (note that we do not model the effects of accretion on the spin magnitudes) [34, 36, 37] .
II. NUMERICAL SIMULATIONS
In order to single out the effects of precession we study BHBs consisting of two BHs with identical masses and spins (see Fig. 1 ). Two such configurations were first studied in [38] , soon after the breakthroughs in numerical relativity. For a given spin-inclination angle, these configurations maximize precession effects, at least in the PN regime, because they maximize the total spin magnitude S. As seen in Eq. (12) below,˙ S ( S only changes due to precession at 2PN order) is proportional to S. In addition, the spin-orbit contribution to the radiation of angular momentum [see Eq. (3.28c) of Ref. [39] ] is maximized for these configurations as well, since, in the equal-mass case, all terms in the formula for the radiation of angu-lar momentum are proportional to S. Note that, when the two spins are fully aligned or fully counteraligned with the orbital angular momentum, the BHB is nonprecessing [10] . Also note that these configurations [38] are symmetric under parity [i.e. (x, y, z) → (−x, −y, −z)] and, consequently, there is no recoil of the final remnants.
Our numerical simulations use the Cactus/EinsteinToolkit [40, 41] infrastructure and Carpet [42] mesh refinement driver, as well as both private and open-source thorns. We use the TwoPunctures thorn [43] to generate initial puncture data [44] for the BHB simulations. These data are characterized by mass parameters m p (which are not the horizon masses), as well as the momentum and spin, of each BH. We evolve these BHB data sets using the LazEv [45] implementation of the moving puncture approach [2, 3] with the conformal function W = √ χ = exp (−2φ) suggested by Ref. [46] . For the runs presented here, we use centered, eighth-order finite differencing in space [47] and a fourth-order Runge -Kutta time integrator. Note that we do not upwind the advection terms. We locate the apparent horizons using the AHFinderDirect thorn [48] and measure the horizon spin using the isolated horizon (IH) algorithm detailed in [49] .
The families of BHBs considered here are equal-mass, equal-spins BHBs that are further characterized by three parameters, the initial orbital frequency, the polar inclination of the individual BH spins, and the azimuthal orientation of the spins. Due to the hangup effect, we choose larger initial orbital frequencies for the BHBs with small polar angles. For each polar angle θ we evolve a set of six azimuthal angles φ = 0
• , 30
• , · · · , 150
• (except for θ = 0
• and θ = 180 • ). We choose initial polar angles
• (the polar angles were chosen to cover the sphere uniformly in cos θ, but with higher density near θ = 180
• ). We denote these configurations by SPTHXXPHYY below, where XX is the polar angle (in degrees) and YY is the azimuthal angle. We also performed a high-resolution run of the SPTH0 configuration, which we denoted by SPTH0H below. For all the SP configurations, the dimensionless spin of each BH was α = 0.8. We chose this because it is relatively large, but can also be evolved relatively efficiently (spins of 0.85 require substantially more resources due to gauge effects).
In addition to the SP runs, we also evolve a set of equal-mass runs, with one BH spin aligned with the orbital angular momentum, and the other counter aligned. The two spins have the same magnitude. This type of configuration has been studied before in, e.g., [50, 51] . Here we are interested in measuring the radiated energy and final remnant spin. In previous modeling formulas, the effect of spin for this configuration was usually ignored [24, 33] . We denote these configuration below by UD0.XX, where 0.XX gives the magnitude of the spin. We performed the UD simulations using 3 different resolutions to monitor the accuracy of the results. We denote these resolutions C, M, and F for coarse, medium, and fine, respectively. Here the coarse resolution corresponds to the resolution used for all SP configurations. The medium and fine results had 1.2 times and 1.2 2 times the number of gridpoints in each direction. As seen in Fig 14, for a spin of α = 0.8, we can expect a relative error of 0.04% in the final remnant spin and 0.1% in the final remnant mass by using only the coarse resolution. Note also that the error increases dramatically when the spin is increased to α = 0.85.
For the computation of the radiated angular momentum components, we use formulas based on "fluxlinkages" [52] and explicitly written in terms of ψ 4 in [53, 54] .
From the waveform extracted at a given radius R (i.e. the extraction sphere), we calculate the rate with which angular momentum is radiated out of the extraction sphere to infinity, which we denote with the symbol
and the net angular momentum radiated through the extraction sphere from the initial slice to time t, which is given by
We then define the total angular momentum at time t to be
which is the total angular momentum contained on slice t within the extraction sphere. Because of the finite propagation speed of the radiation, when comparing local and radiative techniques for the angular momentum, we translate the radiative quantities in time by R, which is a crude, but accurate enough, measure of the propagation time.
For the current paper, it is important to measure the direction of the orbital angular momentum. To do this we use a few different techniques. First, we define L via
Here S(t) = S 1 (t) + S 2 (t) is the sum of the spins of the individual BHs, as measured by the IH formalism (its direction is inferred from the zeros of the approximate Killing field [38] ). We can also define a purely coordinate based measure of the orbital angular momentum direction using the coordinate trajectory r(t), given bŷ
Note that while this equation resembles the Newtonian definition of angular momentum, we apply it to fully nonlinear numerical trajectories, thus including relativistic corrections. One could also use an alternative definition in terms of the quasilocal linear momentum p, as was proposed in [55] .
In the text below, when needed for clarity, we refer tô L(t) as the radiation angular momentum andL coord (t) as the coordinate angular momentum.
We also compareL(t) andL coord (t) with the purely radiation-based measures of the preferred asymptotic frames of O'Shaughnessy et al. [56] and Boyle [57] . Briefly, these two are based on the symmetric matrix f |J (a J b) |f [ (a b) denotes symmetrization over the two indices] and vector ( f |J a |∂ t f ), where J a is the angular momentum operator and f is a waveform-related function, e.g. the strain h, the Bondi News N , or the Newman-Penrose scalar ψ 4 , and (z) denotes the imaginary part of z. The angular momentum operator for spin-weighted functions is given by [58] [69].
where s is the spin-weight. Note that the radiated angular momentum is given by [53, 58] d dt
O'Shaughnessy et al. define the preferred frame to be one with z axis aligned with the eigenvector corresponding to the largest eigenvalue of f |J (a J b) |f and Boyle defines it to be the frame aligned with the vector
For this work we explore using the choices f = ψ 4 , the Bondi News N , and the strain h (note that Boyle defines f = h and with this choice is able to recover the post-Newtonian L). We denote the directions defined by O'Shaughnessy et al. by O X , where X is ψ, N , or h, corresponding to using f = ψ 4 , f = N , and f = h, respectively. Similarly, we denote the preferred direction of Boyle by B X , where X is N or h, corresponding to f = N and f = h.
III. RESULTS

A. Results from the SP configurations
Here we present results relating to the precession of the SP configurations. Detailed tables with the initial data parameters, radiated energy-momentum, and remnant properties can be found in Appendix A.
For all the SP configurations, we find that, while J changes in magnitude by more than 30%, the direction of J is largely unchanged during the entire simulation. • We thus only observe simple precession in these equalmass BHBs. For convenience, we introduce the notation { A · B} = cos −1 (Â ·B) for the angle between two vectors. As seen in Table I and Fig 3, the net rotation ofĴ (i.e. the maximum of { J(t), J(0)}) is under 5
• .
The table also shows how far − → δJ rad (t) deviates fromĴ ({ − → δJ rad (t), J(t)} max ) for selected runs. Figure 2 shows a typical trajectory [ r(t) = r 1 (t) − r 2 (t)], while Fig. 3 , shows the precession of J(t) for all SP configurations. For a given configuration, the maximum precession occurs near merger, with J(t) moving back towards its initial location during the plunge. This antiprecession effect is most noticeable for smaller values of θ. The figure also shows the real part of the ( = 2, m = 2) mode of ψ 4 to provide a reference time scale. By comparing ψ 4 with J(t), we can see that the antiprecession occurs roughly at merger. As shown in Fig. 4 and Table I, the maximum deviation of J(t) from its initial orientation is a strong function of θ. Note how the precession of J(t) increases as the polar angle θ increases until about θ = 140
• , where it then must rapidly decrease to zero at θ = 180
• (which is a non-precessing configuration).
The reason why the maximum deviation of J from its initial orientation occurs when S is nearly counteraligned with L is in part due to the smaller magnitude of J for anti-aligned configurations, which makes it easier to tilt J even though the anti-aligned configurations radiate less than the aligned ones. In the maximally spinning case, the largest precession of J should occur when the spins are even closer to full counteralignment (see Sec. IV B).
As shown in Fig. 5 , the magnitude of the individual BH spins is conserved to a very high degree during the simulation. The total angular momentum J, however, is not. Indeed the fraction of angular momentum lost to radiation during an inspiral approaches 1 as the initial separation approaches infinity. We interpret this to mean that orbital angular momentum is lost to radiation, while spin angular momentum is largely conserved. Note that, for the configurations studied here, the total spin must also be conserved in magnitude because the two spins cannot rotate with respected to each other, as that would break parity symmetry.
When J exhibits simple precession, as in our simulations, even though its magnitude is always dominated by the highly precessing L, the spins of the individual BHs are always oriented such that the direction of J is largely unchanged. Thus the direction of the spin of the merger remnant S rem agrees very closely with that of J initial (which was also observed by Barausse et al. [24] ).
Since the spin magnitude is conserved to a very high degree, and the binary radiates angular momentum continuously, it is not surprising that the angle between the total spin S(t) and J(t) decreases secularly, as shown in Fig. 6 . From this, we can conclude that the component of S along J is not conserved on secular timescales. On the other hand, as seen in Fig. 7 , the angle between S(t) and L(t), as defined using Eq. (2), shows no noticeable secular trend. That is to say, the average (over an orbital timescale) ofL ·Ŝ is nearly constant (in PN theory, it is the orbit average ofL · S that is approximately conserved too). From this, and the fact that | S(t)| is conserved, we can conclude that, on average, the component of S along L(t) is conserved. Finally, in Fig. 8, we show that the angle between L(t) and J(t) increases on secular timescales. 
FIG. 5:
The individual horizon spin angular momentum (not rescaled by the horizon mass), horizon mass, and coordinate separation of the two BHs for a prototypical simulation (SPTH70PH0). Note how the spin magnitude (and horizon mass) is conserved over the entire inspiral until just before merger. At merger, the isolated horizon approximation, which measures the spins, is no longer valid. Given that we see an approximate conservation of the magnitude of the total spin S (see Fig. 5 ), as well as the conservation (see Fig. 7 ) of the component S along the angular momentum L (denoted by S = S ·L) we can deduce that the angle between J and L should increase on secular timescales, while the angle between J and S should decrease. The argument is as follows; since | S| 2 = S 2 ⊥ + S 2 and both | S| and S are conserved, then S ⊥ must be conserved, as well (in magnitude only). | J|, on the other hand decreases on secular timescales due to the radiation of angular momentum to infinity. Hence (see Fig. 9 )
decreases on the same secular timescale. For the configurations considered here, γ < π/2 (i.e. there is only simple precession), hence γ increases (as seen in Fig. 8 ).
Likewise we can show that the constancy of the spin magnitude and its projection along L leads to the decrease of the angle between J and S seen in Fig. 6 . Again, from J = L + S, we have (see Fig. 9 )
The orbital, spin, and net angular momentum. We choose the polar axis to always lie along the orbital angular momentum. The angles γ and θ measure the inclination angles of J and S, respectively. and since
will increase or decrease with the radiation of L depending on the sign of (2 L+ S)· S (and hence depending on the sign of (L · S) for the simple precession case). Thus for our configurations, the angle (θ − γ) has to decrease on the secular scale of the orbital decay (as seen in Fig. 6 ). We now briefly return to the question of which approximation to the direction of the orbital angular momentum provides the best properties for subsequent modeling of BHBs. In Fig. 10 and 11 we plot the directions defined by O'Shaughnessy et al.,Ô ψ ,Ô N ,Ô h , the directions defined by Boyle,B h (t),B N (t), as well asL(t), and the purely coordinate-basedL coord (t). Based on these figures, one may suspect thatL coord (t) most faithfully follows the dynamics of the binary (i.e. nutation effects are present). However, for our purposes, we are interested in determining the directionV such thatV ·Ŝ is as constant as possible.
To this end, we compare the time dependence of the two angles { S(t), L(t)} and { S(t), L coord (t)}. As shown in Fig. 12 , in all cases we saw that { S(t), L(t)} shows a smaller secular change than { S(t), L coord (t)} (the effect was not always significant). This raises the question of whether the more geometric directions of O'Shaughnessy et al. and Boyle lead to even better performance. In Fig. 13 , we plot the angles { S(t), O N (t)}, { S(t), O h (t)}, { S(t), B N (t)}, { S(t), B h (t)}, and { S(t), L(t)}. Here we find that the angle between S(t) and L(t) is conserved to a much higher degree than any of the other angles. [56]) defined using ψ4 (black), N (red), and h (green) (top), and with the vectors LL −1 LT (see Ref. [57] ) defined using N (red) and h (green) (bottom). Both plots are from the SPTH90PH0 configuration.
B. Results from the UD configurations
In order to model the dependence of the final mass (or radiated energy) and spin of the merger remnant of BHBs as a function ∆ , we perform a series of additional runs of equal-mass binaries with one BH spin aligned and the 
FIG. 12:
A plot comparing the angles { S(t), L(t)} (upper, red) and { S(t), L coord (t)} (lower, blue) for the SPTH132PH0 configuration. Note how { S(t), L coord (t)} shows a stronger secular trend.
other counteraligned to the orbital angular momentum. These up-down (UD) configurations are non precessing. For these configurations, we are interested in calculating the final remnant properties to high accuracy. As shown in Fig. 14, the calculation of the total radiated mass and the final remnant spin require increasingly higher resolutions as the initial spin magnitude increases.
Since the UD configuration with initial spins ±α is equivalent to the configuration with initial spins ∓α, the remnant spin and total mass cannot depend on the sign of α (and hence cannot depend on the sign of ∆ ). Con- 
FIG. 13:
The angle between S(t) and B h (t) (black, dashed),
, and L(t) (black, solid) for the SPTH90PH0 configuration. All angles show a strong secular trend except the angle between S(t) and L(t). 
FIG. 14: The total radiated energy (δM) and final remnant spin αrem versus initial spin for the UD configurations. Note how trends for both the radiated mass and final remnant spins need higher resolution runs at high spins. (10) and (11) after fitting to the results of the UD configurations. Here "0" indicates that the uncertainty in the remaining fitting parameters was substantially reduced when this coefficient was set to zero.
sequently, we fit the remnant spin α rem and total radiated mass to the forms
We give the results from the fits in Table II .
IV. MODELING PRECESSING BINARIES AND THEIR REMNANTS
In this section we use analytic techniques to gain insight into the observed dynamics of precessing BHBs and the modeling of the merger remnant.
A. Post-Newtonian Analysis
As show in Fig. 7 , the angle between L and S oscillates at roughly the orbital frequency, and the amplitude of these oscillations increases as the binary inspirals. In addition, the baseline of these oscillations is a function of the azimuthal angle φ. This behavior is predicted by PN theory, as we will demonstrate here.
At 2PN order, the evolution of the total spin for equalmass binaries is given by [59] 
where L is the orbital angular momentum andn is the unit vector pointing along the line joining the two BHs. At this order, the evolution is conservative, and hencė J =˙ L +˙ S = 0, where an overdot means total time derivative. Consequently, S ·˙ S = 0 and therefore
While the magnitude of S remains constant the magnitude of L varies according to
The variation of the component of S along L is then given by
wheren andλ are the unit vectors on the orbital plane along the radial and tangential directions, andL =n ×λ and = L . Similarly, the variation of the component of
where V λ is the tangential velocity of the binary.
The two transverse components of the total spin therefore obeyṠn = Ω − Sλ,
where
and
Equations (15) and (18) represent a system of equations for the evolution of the precessing spin which can solved in the small oscillations regime to give
and the angles φ 0 and θ 0 give the initial azimuthal and polar orientations of S (where the polar axis is aligned withL). These PN expressions thus reproduce the amplitude and frequency of the oscillations observed in Fig. 7 .
Taking the orbit average we get,
Since S is conserved, we find that the orbit-averaged angle cos −1 (Ŝ ·L) changes by less than three degrees from infinite separation down to separations where the orbital frequency approaches 0.1/M (where the PN approximation breaks down) and that the average angle depends of φ 0 (i.e. the initial azimuthal orientation).
B. The Hangup effect in precessing binaries
To estimate which configuration maximizes the amount of angular momentum radiated perpendicular to J, we look for configurations that maximize the angle γ between the orbital angular momentum L and J near merger (at merger, there is an intense burst of angular momentum radiated).
Since J = L + S, cos γ is given by
where θ is the angle between S and L (see Fig. 9 ). While S is preserved during evolutions of our configurations (see Fig. 5 ), to estimate L at merger we use the hangup configuration results (as this proves to be the dominant effect for precessing binaries [21] ). Our ansatz is
where L merger = L hangup and J for our configurations). By minimizing cos γ with respect to cos θ, we find that
Extrapolating the above expressions to a pair of maximally spinning black holes gives,
Thus we find by using straightforward geometric arguments that the largest precession of the total angular momentum will occur with spins partially anti-aligned with the orbital angular momentum, which agrees qualitatively with our results in Fig. 4 .
C. Symmetries
In this section, we use J to denote the final remnant spin angular momentum and S to denote the spin of the precursor binary. Here, the component V ⊥ of any vector V is understood to be V ⊥ = V ·n, wheren is a vector in the orbital plane (e.g. the direction from BH1 to BH2). We always define these directions such that, under exchange of labels BH1↔BH2,n changes sign.
In order to develop a new phenomenological formula for the final masses and spins of merged binary black holes, we consider a Taylor expansion of those quantities [25, 26] in terms of spin components S , S ⊥ , ∆ , ∆ ⊥ . This choice of variables allows us to relate the expansion of the final mass (or energy radiated) and the final spin with the expansion we developed for modeling the final recoil velocity in [17] . There we argued that the leadingorder dependence of the recoil could be modeled by the variable ∆ rather than the alternative δS = S 2 − S 1 (see Fig. 2 in Ref. [17] ). In the equal-mass limit, ∆ = 2 δS and the two variables are equivalent. However, for q < 1, we showed that the spin-dependence of the recoil is fit with fewer terms if we expand in terms of ∆. Here too, we may consider alternative variables to S, for example, S 0 = m( S 2 /m 2 + S 1 /m 1 ) or the S eff = S/4+3 S 0 /4 which arise from the leading-order spin terms in the PN Hamiltonian [61] . While the infinite series expansion for all of these choices of spin variables are equivalent, a low-order truncated series in a preferred set of variables may have a substantially smaller error than the other choices. Determining the best choice of the variables will involve a detailed analysis of a large set of new unequal mass binaries that we will postpone for a forthcoming paper [62] . Note that the alternative variables we considered share the symmetries of S, hence the expansion we give below can be easily adapted to them.
A Taylor expansion of a function with v independent variables of a given order of expansion o has n terms, where n is given by [63] 
Our models will depend on five variables, δm, S , S ⊥ , ∆ , and ∆ ⊥ . Hence n = 1, 5, 15, 35, 70, · · · for 0 th order through 4 th order expansions, respectively. However, The number of terms at a given order of expansion (with respect to S or ∆) for J and J ⊥ and a subtotal including all terms in both J and J ⊥ up to the given order. Note that the subtotals agree with formula (33) indicating that all possible terms are used in expanding J and J ⊥ . Here 1 indicates terms that are retained in the equal-mass limit (or proportional to even powers of δm) and δm indicates terms proportional to δm (and other odd powers). The number of terms in an expansion of Mrem agrees with the corresponding number of terms in J and is provided for convenience.
Order 0th 0th 1st 1st 2nd 2nd 3rd 3rd 4th 4th total term 1 δm 1 δm 1 δm 1 δm 1 δm Sum 
only certain combinations of variables are allowed according to the symmetry properties of the object we want to build up. In order to take into account the correct combinations of variables for each component of the final mass and spin of the remnant black hole at a given order, we consider the symmetry properties summarized in Table IV (note that this corrects typos in Table I of Ref [17] ). While the number of terms in J and J ⊥ is less than Eq. (33), the sum of the terms in both agrees with Eq. (33), as seen in Table III . This is due to the fact that an arbitrary product of powers of S , S ⊥ , ∆ , and ∆ ⊥ either has the has the symmetries of J or J ⊥ , or this product times δm has the symmetries of J or J ⊥ .
The possible terms to a given expansion order in spin (i.e., products of S and ∆) are summarized in Tables V-VI. In our phenomenological description the terms in Tables V and VI are all multiplied by fitting coefficients. Note that the coefficients of these terms can depend on higher powers of δm (i.e., higher even powers in δm for those terms proportional to δm 0 , and odd powers for terms proportional to δm). V: Parameter dependence at each order of expansion for the final spin component perpendicular to the reference L direction. Here 1 indicates terms present in the equal-mass limit (or proportional to even powers of δm) and δm indicates terms proportional to δm (and other odd powers).
Parameter dependence at each order of expansion for the final spin component along the reference L direction and similarly for the remnant mass Mrem. Here 1 indicates terms present in the equal-mass limit (or proportional to even powers of δm) and δm indicates terms proportional to δm (and to other odd powers).
For the discussion below, we will denote terms in J independent of δm (or dependent on even powers of δm) by J(1) and terms proportional to odd powers by J(δm). The expansion terms reported in Tables V and VI are related to each other (which is a consequence of the symmetries in Table IV) . For example, all terms for the components of J, with the exception of the even-order spin dependent terms of J (1), can be obtained from the terms in J ⊥ (1) under the following transformations (35) and for the odd-power in the spin variables only
The even-power (in the spin) terms in J (1) can be obtained from J ⊥ (1), but the process is more complex. Basically, one needs to take all terms in J (1) that are at least linear in S ⊥ and then divide by S ⊥ . This means that there is a direct relationship between the even-order terms in J (1) and the next higher-order term in J ⊥ (1). This relationship also holds for the odd-order terms and δm terms, but Eqs. (34)- (36) are much more straightforward. It remains to be seen if the corresponding coefficients can be obtained (at least approximated) using these transformations.
Modeling the equal-mass case
Using the above properties, and limiting our expansion to fourth-order in the spin variables, we find that there are 16 terms that contribute to the perpendicular component of the final angular momentum in the equal-mass case (i.e. J ⊥ (1)). We can regroup all these terms in the following symbolic form
Similar expansions can be generated for J ⊥ (δm) and J (δm) using properties (34) and (35) .
Because the perpendicular components of S and ∆ are constructed by taking an inner product with unit vectors in the plane, these components vary sinusoidally under rotation of the directions of S and ∆. Thus S ⊥ = |S ⊥ | cos ϕ, etc., where we use the notation |S ⊥ | to denote the magnitude of the projection of S onto the orbital plane. Indeed, each term linear in the subindex ⊥ would lead to a cos(ϕ + ϕ [] ) dependence (ϕ [] denotes a constant that, in principle, is different for each term). In our expansion above, there are ten terms directly pro-
In the same fashion we can regroup the 16 terms contributing up to the fourth order expansion of J (or M rem )
Nine terms are independent of ⊥ components of S or ∆ and are thus independent of cos(ϕ). The next set of terms are quadratic in the subindex ⊥. We may expect that these quadratic terms lead a cos 2 ϕ dependence. However, they actually lead to both terms proportional to cos 2 ϕ and terms independent of cos ϕ. To see why, consider the term S 2 ⊥ . This should really be written as ( S ·n 1 )( S ·n 2 ) = S ⊥ cos φ S ⊥ cos(φ − φ 0 ), where φ 0 is the angle betweenn 1 andn 2 . We then have ( S ·n 1 )( S ·n 2 ) = S 
With an analogous expression for the final mass of the merged black hole M rem . Note that we actually fit to the magnitude of the rem-
which contains terms proportional to (cos ϕ) 0 , (cos ϕ) 2 , · · · .
V. FITTING FULL NUMERICAL RESULTS
We fit the total radiated mass and final remnant spin as a function of initial configuration for the SP and UD configurations described above, the hangup kick configurations (we will denote these configurations with HK) described in [14, 34] , and the N configurations of [17] . The HK configurations are equal-mass, equal-spin-magnitude configurations where the components of the spins along L are equal, and the components in the orbital plane are equal in magnitude but opposite in direction. We evolved two types of HK configurations: one with a dimensionless spin of 0.7 and the other with a dimensionless spin of 0.9. We denote the latter by HK9 in the tables below. The N configurations have equal-mass BHs with one spinning and the other nonspinning. The SP configurations have S = 0 but ∆ = 0, while the HK configurations have S ⊥ = 0 and ∆ = 0. For both families, S = 0, while for the UD configurations, S = 0. In addition, we use the results of the L, K, and S configurations of [17] to verify the accuracy of our model. The K configurations are equal-mass, equal-spin magnitude configurations where the components of the spin along L are equal in magnitude and opposite in direction and the components in the plane are equal in both magnitude and direction. The L configurations are again equal-mass, equal-spin magnitude configurations, but here, initially, one BH spin is aligned with L and the other lies in the orbital plane. Finally, the S configurations are equal-mass, equal spin magnitude configurations, where, initially, the components of the spin along L are equal in magnitude and opposite in direction and the components in the plane are also equal in magnitude and opposite in direction. For the N, L, K, and S configurations the dimensionless spin of the BHs (when not zero) was set to 0.8.
Here we are interested in the total mass loss of the binary, starting from an infinite separation
(where M ∞ 1,2 are the masses of two BHs at infinite separation) and the final remnant spin α rem . We approximate δM by
where M rem is the remnant BH's mass and M 1 and M 2 are the initial masses of the two BHs in the binary (which is a good approximation for their masses when the binary was infinitely separated due to the near constancy of the BH mass during the inspiral, as seen in, e.g., Fig 5) .
The measured values of δM and α rem for the SP and UD configurations are given in Table XV . We found that the values of δM and α rem obtained by the IH formalism were significantly more accurate than the radiation-based measures of these quantities (likely due to the resolution we used in the wave zone and to our placement of the extraction spheres). Hence, for all fits, we use the IH results.
Our fitting procedure is as follows. For each set of simulations with the same (initial) inclination angle θ, we fit δM and α
where E c , E φ , ϕ e , A c , A φ , and ϕ a are fitting constants. While the expansion C 1 + C 2 cos 2 φ is mathematically equivalent to the expansion C 1 + C 2 cos 2φ (i.e. C 1 = C 1 + C 2 /2 and C 2 = C 2 /2), we find that the constant term C 1 is better modeled as a function of θ, as shown in Figs. 15, 16, 17 , and 18. Fits to A φ show substantial scatter when compared to other quantities. The most likely explanation for the scatter is that there were not enough φ configurations to accurately extract A φ .
As an aside, we note that we actually measure the angle φ using the techniques of [64] . Briefly, we measure the spin direction of each BH near merger in a frame rotated in such a way that the late-time trajectories overlap. The angle φ is then the orientation of the spin of BH1 in this frame.
We then fit E c , E c , A c , and A c as functions of θ, as follows. First we note that at θ = 0 and θ = 180
• , we should obtain the associated hangup energies and final remnant spins. In addition, because the resulting formulas should be an even function of θ (i.e., ±θ are equivalent), we fit these functions to the form f (θ) = sin 2 θ c 0 + c 1 cos θ + c 2 cos 2 θ + · · · . However, since S ⊥ ∝ sin θ and S ∝ cos θ, our actual fitting functions are
where E hu is the radiated energy for a pure hangup configuration with the same S and A hu is the remnant spin for the same hangup configuration. We use the formula provided in [60] for both E hu (θ) and A hu (θ). The fitting constants (with errors) are given in Table VIII . In addition, we fit E φ and A φ to the forms
These fitting constants (with errors) for the SP configurations are given in Table VIII , as well. Note that we do not include terms proportional to ∆ 4 ⊥ . In principle these terms should appear, but based the results from the hangup kick effect [34] , where we found the subleading terms in ∆ ⊥ do not contribute significantly to the recoil, we omit these terms here, as well. We test the validity of this assumption later below by comparing the predictions of our formula with the results from over 100 additional configurations. The new formula for A c agrees quite will with the ansatz in [21] . In [21] , we conjectured, based on most of the above runs, that the final remnant spin could be obtained from
The idea was that the in-plane spin was preserved and therefore contributed entirely to the final remnant spin. The other components of the spin arising from the hangup effect. Here we find, We thus see that, depending on orientation between 3.8% and 13.1% (with an average of 8.4%) of the in-plane spin is actually lost to radiation.
We use an essentially identical procedure to fit the mass loss and remnant spin from the hangup kick (HK) configurations. The main difference here is that sin θ is proportional to ∆ ⊥ , rather than to S ⊥ (cos θ is still proportional to S ). The fitting function for the HK runs has the form
The fitted constants are provided in Table IX . Note here how the correction to A c (above the hangup correction) is consistent with zero. Finally, using the N configurations (only one of the black holes is spinning) of Ref. [17] , we can attempt to fit terms in the radiated mass and final spin proportional to ∆ . In order to do this, we must make an assumption regarding how the S That is, each one has an oscillatory behavior of the form cos 2 (φ − c), where c is some constant phase. Here, we assume that the two phases are equal. This will introduce an error into our fits. However, as we show below, this error is of the same order of magnitude as the error in the S 2 ⊥ and ∆ 2 ⊥ terms themselves. Thus, to fit the ∆ terms with the N configuration, we take the coefficients in Tables VIII, IX , and II as exact and then fit the energy radiated and final remnant spins to the forms
Note here that E 2 , E 4 , and A 2 were taken to be the values given in Table II . Here, we found that most coefficients were consistent with zero (i.e. the confidence interval contained zero). We removed those coefficients from the fitting functions and then fit again. Our results are summarized in Table X. Generalizing these results from the N configurations introduces a problem because there is a sign ambiguity in ∆ ∆ ⊥ S ⊥ . To understand the source of this ambiguity, we need to consider how this term arises. In general, these terms come from interaction terms of the form
If we align our coordinate system such thatê ∆ is aligned with the x axis andL is aligned with the z axis, then
where φ S is the angle betweenê ∆ andê S . This then becomes
That is, there are terms proportional to cos(2φ−c) and a constant term proportional the cos φ S . Under exchange of labels (1 ↔ 2) ∆ rotates by 180
• and, consequently, cos φ S changes sign. We absorb cos φ S into the fitting constant, but have no way of encoding the information about its sign. Later, we explore the effects of simply dropping these ambiguous terms from our model.
Our final formula in the equal-mass case is given by
where δM = E c +E φ cos(2φ) and α 2 rem = A c +A φ cos(2φ) and the coefficients are given by the primed quantities in Tables II, VIII, IX, the unprimed quantities. As the angle φ is not known in general, we recommend using these formulas in statistical studies where one may assume a uniform (or perhaps biased) distribution in φ.
In terms of parameters of the binary, Eqs. (55)- (57) can be re-written as
wheren andl are unit vectors in the orbital plane. In general, we do not know the orientation of these two vectors. In our error analysis of the N configurations above, we assumed the two directions are equal. This introduces an error into our formula which we quantify by comparing the predicted and measured values of δM and α rem . In practice, we suggest taking a fiducial orientation for n =l and then considering distributions of all possible azimuthal orientations of the initial spin. The resulting distribution of remnants will be independent of the fiducial choice ofn. Note that Eqs. (58) and (59) use the form δM = E c + E φ cos 2 φ, etc.. To use the primed coefficients, replace terms like (
. The latter is more accurate only when dropping the E φ and A φ terms, otherwise, the two expressions are equivalent.
For reference, we also give the formulas of [60] for δM hu and A hu in terms of S here δM hu = 0.0025829 − 0.0773079
A hu = 0.68640260 + 0.3066014
To measure the error in our empirical formula, we provide two types of residuals. First, for a given family with constant θ we compare the measured E c , E φ , A c , and A φ of that family with the predictions of Eq. (55)- (57), where we use the average value of S , S ⊥ , ∆ , and ∆ ⊥ of that family. Second, we measure the residuals of each member of all families using the known values of φ (which were obtained from the original fits). When calculating these residuals, we also consider the K, L, and S families of [17] . We show the first type of residual in Table XI and we show the relative errors in δM and α rem for all 175 configurations in Fig. 19 and Fig. 20 . However, because of a sign ambiguity in the term ∆ ∆ ⊥ S ⊥ , we do not include these terms when calculating the residuals in Figs. 19 and 20 . This also means that the N configuration do not contribute to the fitting formulas and can therefore be used to verify the accuracy of the formulas for more generic configurations. We find that the relative errors are within ±2.5% and that the distribution of errors in δM is wider but more symmetric then the distribution of errors in α rem . As an aside, we note that the large relative errors in the coefficients in A φ and E φ only have a small effect on the net error in the predictions. The errors in the coefficients seen in Table XI are a consequence of the smallness of E φ and A φ relative to E c and A c (and because we would ideally choose twice as many φ configurations to accurately fit a cos 2φ dependence).
Our formulas are based on the vectors S and ∆. As shown in Fig. 21 , S and the magnitude of S ⊥ are conserved (approximately) throughout a simulation. This is consistent with the predictions of PN theory (see Fig. 22 ). However, while | ∆| is conserved (which is a consequence of
for equal mass binaries), the components ∆ and ∆ ⊥ are not (in general). Due to symmetry, the components of ∆ are conserved for the SP, HK (due to π-symmetry the spins cannot rotate with respect to each other), and N configurations (where ∆ = 2 S). The question then arises, where should one evaluate ∆ and ∆ ⊥ . For our runs, this issue only arises for the K, L, and S configurations. Fortunately, this represents 24 separate simulations. Thus we were able to explore this question. We found that using the initial values of ∆ and ∆ ⊥ (which was done in Table XI and Fig. 19 ) reproduced the measured δM and α rem with sufficient accuracy (i.e. within 2.5%).
Finally, we note that while Eq. (59) only provides the magnitude of α rem , we can obtain its direction (to within a few degrees) from the direction of J at any point along the binaries evolution.
VI. DISCUSSION
As an application to cosmological growth of black holes, it is interesting to determine the spin distribution of BHs after many generations of mergers. As our formulas for the final remnant spin have not been fully extended to the unequal mass case, we consider the consequence of the mergers of equal-mass binaries. Here, we neglect the radiation of energy, which would affect the mass-ratio distribution of subsequent generations. We find that the spin distribution relaxes to a universal distribution independent of the initial distribution. We verified this by starting with three different spin distributions: non-spinning BHs, a spin distribution uniform in [0, 1] , and all BHs with unit spin. We first assume that the spin directions are uniformly distributed on the sphere 
FIG. 19:
The relative errors in the predicted values of δM and αrem in percent for all 175 runs used in the fits and analysis in this paper. Here the black dots correspond to simulations used in the fits and the red dots to independent simulations. Because we drop terms of the form ∆ ∆ ⊥ S ⊥ , the N configurations are independent runs here.
and then, to model how accretion disks torques may affect our results, we also consider the case where the spins are uniform in the upper hemisphere and uniform in the section of the sphere θ < 30
• . Figures 23-25 show how the spin distribution changes from merger generation to generation. The effect of spin alignment is more clearly shown in Fig. 26 , which shows all three final spin distributions. Using these universal spin distributions, we find the distributions of radiated energy, also shown in Fig. 26 .
Note that our distributions of the magnitude of the spin are consistent with the observed spins in 19 active galactic nuclei (See Fig. 6 in Ref. [65] ), as most of the observed values lie in the high spin region.
While all our simulations have assumed equal-mass binaries (we will study explicitly the unequal-mass case in a following paper), the key aspect of the dynamics of the binary that allows us to model the direction of the remnant spin, i.e. simple precession, occurs for comparablemass binaries, as well. In order to estimate the critical mass ratio q = m 1 /m 2 = q critical below which it is possible to have transitional precession (which can reverse the direction of the total angular momentum of the binary system), we will consider the maximally spinning black- Fig. 19 . The x axis is relative error in percent and the bin width is 0.25%.
FIG. 20: Histograms of the relative errors in
hole binaries where the spins are counteraligned with the orbital angular momentum L. Here, at the transition point, J changes from positive to negative and net angular momentum rotates by π radians. A good estimate for when this transition occurs can be obtained using the 3.5PN expression for L for quasicircular orbits (see Eq. (4.7) of Ref. [66] ). 
where x = (mΩ orbital ) 2/3 , ν = q/(1 + q) 2 , and for our maximally spinning counteraligned configurations s = −(1 + q 2 )/(1 + q) 2 and dm ∆ = −(1 − q) 2 /(1 + q) 2 . Assuming S is conserved, we find the critical value q critical such that, for a given frequency Ω orbit , J vanishes. We plot q critical versus Ω orbit in Fig. 27 . The plot covers the The approach to a universal spin distribution after a few mergers when the BH spins are assumed to be uniform on the entire sphere θ < 180
• . The wide black curve corresponds to the first generation. The wide red curve corresponds to the second generation. The remaining generations are green (3rd), and blue (4th). The approach to a universal spin distribution after a few mergers when the BH spins are assumed to be uniform on the section of the sphere θ < 90
• . The wide black curve corresponds to the first generation. The wide red curve corresponds to the second generation. The remaining generations are green (3rd), blue (4th), and black circles (5th). inspiral regime down to the plunge. Note that transitional precession does not occur if q 1/4. This is in good agreement with our previous estimate [21] , which was based on considering the complementary regime of a point particle moving in a Kerr background.
Ultimately, in order to determine the mass ratio dependence of the remnant mass and spin, one has to perform a systematic study of binaries in the regime 1/10 ≤ q ≤ 1 and fit the remaining coefficients of the terms in Tables The approach to a universal spin distribution after a few mergers when the BH spins are assumed to be uniform on the section of the sphere θ < 30
• . The wide black curve corresponds to the first generation. The wide red curve corresponds to the second generation. The remaining generations are green (3rd), blue (4th), followed by the narrow black (5th), red (6th), and green(7th) curves.
V-VI (which explicitly depend on δm). This is currently under investigation by the authors and will provide a unified phenomenological description for the remnant mass, spin and recoil velocities [62] .
VII. CONCLUSION
We developed a set of generic empirical formulas to predict the final remnant mass and spin from the merger of two black holes. In order to obtain these empirical formulas, we extended our recent framework for modeling the remnant recoil, which uses a combination of PN-inspired variables, fitting parameters, and symmetry arguments [17] . This formalism for modeling remnant properties with arbitrary mass ratios and spins is summarized in Tables V-VI. Note that we used the same symbolic expansion (39)- (40) for both the radiated energy and the magnitude of the remnant spin. We justify our assumption that a decomposition of the spins in terms of components parallel to, and perpendicular to, the orbital angular momentum is appropriate in light of the results in Fig. 7 , which shows how well of S · L is conserved, and those of Ref. [21] were the final mass and spins can be approximated by the nonprecessing hangup formula. We also assume that, given the results in Fig. 4 , which shows how well the direction of the total angular momentum is conserved, the final spin direction agrees with that of the total angular momentum at large binary separations.
We performed 43 new simulations and combined these results with over 130 other simulations from Refs. [17, 34] to fit all relevant equal-mass coefficients in our phe- nomenological formulas (39)- (40). This large set of similarly constructed (initial orbital frequencies, number of orbits, total run times) runs for equal-mass binaries allowed us to obtain the coefficients for the most relevant nonlinear terms in our expansion formulas for the radiated mass and remnant spin to a consistent accuracy. We estimate the relative errors lie within 2.5%. The natural next step is to extend these formulas to unequal-mass, generic-spin, BHB mergers. A comparatively large number of such generic simulations is needed for this task. Finally, we note that our results lend additional support for the use of non-precessing waveforms in the modeling of precessing waveforms [27, 67, 68] . That procedure (see Ref. [20] for a recent review) uses hangup waveforms (i.e. non-precessing, spinning waveforms) in a dynamically rotating frame to model the waveform from precessing binaries. Our results show that the component of S along L is conserved, which is the only component of the spin in the hangup case and thus provides a unique hangup waveform as a starting point for the modeling. If the Bondi News N (t) for a precessing waveform can be described by a time dependent rotation R(t) acting on a non-precessing waveform N np , then N N = R(t)N np R(t)N np = N np N np (where the bar denoted complex conjugation) and the total radiated energy for the precessing waveforms is equal to that of the hangup waveform. Again, we see that the energy radiated by the binary matches, to within an accuracy of 10%, the energy radiated from the equivalent hangup waveform. The fact that we see this agreement for a broad class of binaries is suggestive. Our results will also be important for modeling the late time waveform because the plunge and ringdown part of the waveforms should have the characteristic frequency of the actual spin of the merger remnant, α general than the SP configurations). A slight secular trend is apparent in { L coord , S} that seems to be suppressed in { L, S}. = (±x, 0, 0), momenta (0, ±py, 0) , spins ±(Sx, Sy, Sz), and puncture mass parameters mp, as well as the ADM mass MADM, ADM angular momentum (Jx, Jy, Jz), initial eccentricity eini, eccentricity just prior to plunge e f in , and total number of orbits N . Masses, positions, and momenta are given in units of an arbitrary mass M , while angular momenta are given in units of M 2 . TABLE XIII: The radiated energy (in units of M ) and angular momentum (in units of M 2 ) as computed directly from the waveform and by taking the differences between the ADM energy-momentum and the final remnant mass and spin. Here "var." is the expected magnitude of the difference between the two measures assuming the no systematic errors due to finite difference effects. Note how the actual variation between the isolated horizon and radiation measures is about an order of magnitude larger. 
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